A NOTE ON METRIC CONNECTIONS 
FOR CHIRAL AND DIRAC SPINORS. 



R. A. Sharipov 

Abstract. It is known that the bundle of Dirac spinors is produced as a direct sum 
of two bundles — the bundle of chiral spinors and its Hermitian conjugate bundle. 
In this paper some aspects of metric connections for chiral and Dirac spinors are 
resumed and their relation is studied. 



1. Chiral spinors. 

The construction of two-component Weyl spinors, they are also called chiral 
spinors, is based on the following well-known group homomorphism 



<p: SL(2,C) -► SO + (l,3,R). 
The homomorphism (1.1) is defined through the formula 



(1.1) 



(1.2) 
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where a\, er 2 , er 3 are Pauli matrices complemented with the unit matrix er : 
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(1.3) 



By means of (1.2) and (1.3) each matrix 6 G SL(2,C) is associated with some 
matrix S £ SO + (l,3,R) so that we can write S = y(S), see [1], [2], and [3] for 
detailed description of this construction. 

Let M be a space-time manifold, i. e. a four-dimensional oricntablc manifold 
equipped with a pseudo-Euclidean Minkowski-type metric g and carrying a special 
smooth geometric structure which is called a polarization. Once some polarization 
is fixed, one can distinguish the Future light cone from the Past light cone at each 
point p G M (see [4] for more details). A moving frame (U, To, Ti, T2, T3) of the 
tangent bundle TM is an ordered set of four smooth vector fields To, Ti, T2, T3 
which arc defined and K.-linearly independent at each point p of some open subset 
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U C M . This moving frame is called a positively polarized right orthonormal frame 
if the following conditions are fulfilled: 

(1) the value of the first vector filed To at each point p E U belongs to the interior 
of the Future light cone determined by the polarization of M; 

(2) it is a right frame in the sense of the orientation of M; 

(3) the metric tensor g is given by the standard Minkowski matrix in this frame: 



9ij = g(T i ,T j ) 





-1 

-1 





Apart from positively polarized right orthonormal frames, below we shall consider 
the following three special types of frames in TM: 

— positively polarized left orthonormal frames; 

— negatively polarized right orthonormal frames; 

— negatively polarized left orthonormal frames. 

The definitions of these types of frames are easily obtained by alternating the above 
condition (1) and (2) with the opposite ones. 

Let (U, T , Ti, T 2 , T 3 ) and (t/, T , Ti, T 2 , T 3 ) be arbitrary two frames of 
the tangent bundle TM such that U (1U ^ 0. Then at each point p E U (~l U wc 
can write the following relationships for their frame vectors: 



Ti 



Us?*,-, 

3=0 



Ti 



3=0 



(1.4) 



The relationships (1.4) are called transition formulas, while the coefficients Sf and 
T- in them arc the components of two mutually inverse transition matrices S and 
T = S~ x . If both frames (U, T , T l7 T 2 , T 3 ) and (U, T , Ti, T 2 , T 3 ) are pos- 
itively polarized right orthonormal frames, then the transition matrices S and T 
both are orthochronous Lorentzian matrices with det5 = 1 and detT = 1. Such 
matrices form the special orthochronous matrix Lorentz group SO + (l,3,]R). 

Assume that SM is a two-dimensional smooth complex vector bundle over the 
space-time M equipped with a non-vanishing skew-symmetric bilinear form d at 
each point p £ M. This bilinear form d is called the spin-metric tensor. A moving 
frame (U, >&i, 1 4' 2 ) of SM is an ordered set of two smooth sections \&i and * 2 over 
some open subset U C M which are C-linearly independent at each point p E U . 
A moving frame (U, y&i, \I/ 2 ) is called an orthonormal frame if 



1 

-1 



(1.5) 



i. e. if the spin-metric tensor d is given by the skew-symmetric matrix (1.5) in this 
frame. For two arbitrary frames (U, , i r 2 ) and (U, S&i, \f 2 ) of the bundle SM 
with overlapping domains UDU ^ we can write the following transition formulas: 



(1.6) 
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Like in (1.4), the coefficients and 1\ in (1.6) are the components of two mutually 
inverse transition matrices 6 and X = 6 _1 . If (U, ^2) and (U, 4? 2) are 
two orthonormal frames, then both matrices © and X in (1.6) belong to the special 
linear matrix group SL(2, C). 

Definition 1.1. A two-dimensional complex vector bundle SM over the space- 
time manifold M equipped with a nonzero spin-metric d is called a spinor bundle 
if each orthonormal frame (U, ^2) of SM is associated with some positively 
polarized right orthonormal frame ([/, To, Ti, Y2, T3) of the tangent bundle TM 
such that for any two orthonormal frames (U, ^2) and (U, V&i, ^2) with over- 
lapping domains U (~l U ^ the associated tangent frames (U, To, Ti, T2, T3) 
and (U, To, Ti, T 2 , T 3 ) are related to each other by means of the formulas (1.4), 
where the transition matrices S and T are obtained from the transition matrices 6 
and X in (1.6) by applying the homomorphism (1.1), i. e. S = <£>(©) and T = </j(X). 

The definition 1.1 reflects the basic feature of all spinor bundles. They are closely 
related to tangent bundle and this relation is implemented through associated frame 
pairs of some definite types. 

2. Tensorial and spin-tensorial fields. 

Tcnsorial an spin-tensorial fields arc introduced in a standard way as described 
in [3], [5], [6], and many other papers. First of all we introduce the complexified 
tangent and cotangent bundles CTM and CT*M : 

CT P (M) = C <g> T P (M), CT*(M) = C® T*{M). (2.1) 

The complex bundles (2.1) are obviously dual to each other. Then we introduce 
the conjugate and Hermitian conjugate bundles for the spinor bundle SM: 

S*M, S f M, S* ] M = S X *M. (2.2) 

Using (2.1) and (2.2), we define the following tensor products: 

m times 

CT™M = CTM ®...® CTM ® CT*M ®. . .® CT*M , (2.3) 

n times 

a times 

SgM = SM®...® SM® S*M ® . . ® 5*M , (2.4) 

(3 times 

v times 

8" M = 'S**M ® * . ® SP*M ® S f M) ®...® SW . (2.5) 

7 times 

Note that (2.3) is the complexified tensor bundle of the type (m, n), (2.4) is the spin- 
tensorial bundle of the type (a, /?), and (2.5) is the barred spin-tensorial bundle of the 
type (f, 7). Combining these three bundles, we define the following spin-tensorial 
bundle of the mixed type (a, (3\v, 7|m, n): 

S%S"T™M = S'SM ® S"M ® CT™M. (2.6) 
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Smooth sections of the bundle (2.6) are called spin-tens orial fields of the type 
(a, (3\v, 7|?n, n). The metric tensor g of the base space-time manifold M now is 
interpreted as a spin-tensorial field of the type (0, 0|0, 0|0, 2), while the spin-metric 
tensor d is a spin-tensorial field of the type (0, 2|0, 1 , 0). 

Note that an arbitrary spin-tensorial field of the type (0, 0|0, 0|0, 2) is a complex 
field, while g is a real field. Therefore, we have 

g = r(g), (2.7) 

where r is the semilinear involution of complex conjugation: 

Sp»T™M ~zl S»S%T™M. (2.8) 

T 

Both mappings (2.8) are denoted by the same symbol, hence, formally we have the 
involution identity r 2 = t»t = id. More detailed description of the involution r 
can be found in [3] and [6] . 

A coordinate description of spin-tensorial fields is obtained in terms of frame 
pairs. Let (U, To, Ti, Ya, T3) be an arbitrary frame of the tangent bundle TM 
and let (U, Ufa) be an arbitrary frame of the spinor bundle SM. Denote by 
(U, 77°, T7 1 , r] 2 , T] 3 ) and (U, 2 ) the dual frames for {U, Y , T x , T 2 , T 3 ) and 

({/, y&i, ^2) respectively. Then let's denote 

*<=T(*i), W = t{^). (2.9) 

The barred spinor fields in (2.9) compose two frames (U, ^2) and (U, i? 1 , # 2 ) 
in S 1 M and S* 1 M respectively. Now, according to the formulas (2.3), (2.4), and 
(2.5), we define the following tensor products: 

r t:: k h m = T >>i »•■•«> Th m ®r) kl ®...® v kn , (2.10) 

=qr h ®...®*j a ®...®iF>, (2.11) 

= ® . . . ® ® i?- 71 ® . . . (g> t? J \ (2.12) 
And finally, according to (2.6), from (2.10), (2.11), and (2.12) we produce 

^3i...j>|i...j 7 fci...fc« = $ii-J/» (g^Ji-f-r (gTfci-fc- . (2.13) 

jj... i a »i„. i„ hi... n m <-* ti...t„ hi...h m v / 

Using (2.13), for any spin-tensorial field of the type (a, j3\v, j\m, n) we write 

x = y y y y y y ^•■••-v ■■■v £™ * i, - j "' ; - j \ fc '-^" . (2.u) 

/ < / J / J / 1 / 1 / 1 }l...jpjl...3- r kl...kn 11— la hi... h m v ' 

ti, ... ,i ii, ... , i„ hi, ... , h TO 

31, -,30 r j fel,...,fcn 

Since all of the above frames (Z7, tj°, 77 1 , ?7 2 , r/ 3 ), (Z7, 1 , # 2 ), ({/, *i, * 2 ), and 
(U, tf 1 , # 2 ) and their tensor products (2.10), (2.11), (2.12), and (2.13) arc pro- 
duced from two initial frames (U, To, Ti, T 2 , T3) and (U, ^2), the coeffi- 
cients *or*i— H/ 1— ™ j n (2.14) are called the coordinate representation of the 

31 — 0p 31 — 3-1 Kl—Kn v y ^ 
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field X in the frame pair (U, To, Ti, T2, T3) and (U, ^2)- When passing 
from this frame pair to another frame pair (U, To, Ti, T2, T3) and (U, VP2) 
these coefficients are transformed as follows: 

4 44 43 3 

x^-^h-h^- ^ = y...y y..y y..y t*j . . . z*» x 

31 — 3/3 31 — 3~t fcl — «« Z-^i Z-^i Z__/ Z_/ Q i a 



h — 3ph — 5i ki...k„ 

ai, ... , a a ai, ... , a„ ci, . 



x e^ 1 . . . & b f il] ... %t <s- Bi . . . 6 b " z* 1 . . . r c ft 
x D fcl ---^k^ JL b 1 ...b fJ b 1 ...b- l d 1 ...d„ ' 

4 4 4 4 3 3 

x i 1 ...i a i 1 ...i y h 1 ...h m _ y^y^ y^y^ y^e n e ic 

01, ... ,a a ai, ... , a„ ci, ... , c m 
f>l, — ,f>/3 &,,...,6„ di,...,dn 



(2.15) 



, tit (2-16) 

x T^ 1 . . . %Z 6> T- 1 . . . S* 1 . . . x 

Jl Jp a l a v j x j 7 ci Cm 

rpd\ rpd n -y- a\... a a a\...d u C\... Cjn 

1 k 1 ■■■ 1 k n A bi...b f) bi...b- 1 dx...d n ' 

The formulas (2.15) and (2.16) express the general transformation rules for the 
components of a chiral spin-tensorial field under a change of frame pairs. The 
matrices 6, 1, S, and T in them are taken from (1.4) and (1.6). 

Note that (U, To, Ti, T2, T3) and (U, tj°, tj , J7 2 , rf) are real frames. They 
are invariant under the action of the semilincar involution t: 



r(T0 = Ti, r( m ) = m . (2.17) 
Applying r to (2.14) and taking into account (2.9) and (2.17), we obtain 

2 23 3 

r:X: V ...V V ...V r.V ' - ' ' ' ^ ' ^ V* 1 -'-** 1 -'" . fcl - *» , (2.18) 

v ; Z-^i Z-^i Z-^i 3i---3- 1 3i---3gk 1 _...k n ti...*„ u — i a hj... h TO > \ ' 

il, ... , V /ll, ■■■ , /Itti 
Jl, ■■■ ,>? fcl, ■■■ , fcn 



Jlj ■■■ , J/3 



where 



31— 3i 31 — 3ff fcl— fcn 3l — 3p3l — 3-/ki—k„' ' ' 



Note that the formulas (2.18) and (2.19) are in agreement with (2.8). They mean 
that the involution r acts upon the components of spin-tensorial fields as the com- 
plex conjugation exchanging barred and non-barred spinor indices. 

3. Basic spin-tensorial fields of chiral spinors. 

The metric tensor g is the basic field for both chiral and Dirac spinors. As it 
was already mentioned above, g is interpreted as a spin-tensorial field of the type 
(0, 1 0, 1 0, 2) satisfying the reality condition (2.7). Apart from g, in the theory 
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of chiral spinors there are two other basic spin-tensorial fields. The first of them 
is the spin-metric tensor d. It is a field of the type (0, 2|0, 0|0, 0). In canonically 
associated frame pairs (see definition 1.1) its components are given by the matrix 
(1.5). The second basic spin tensorial field in the theory of chiral spinors is denoted 
by G. It is called the Inf eld-van der Waerden field, its components G l q l are called 
the Infeld-van der Waerden symbols. In canonically associated frame pairs the 
Infeld-van der Waerden symbols are given explicitly by the formulas 



rill 

(jr Q 

u 


= 1, 
= 0, 


Gf 
Gf 


= o, 

= 1, 


Gf 
Gf 


= 0, 

= 


Gl 1 
Gf 


= 1, 

= o, 


u 
n 22 


= 0, 
= 1. 


Gf 
Gf 


= 1, 

= o, 


Gf 
Gf 


= i, 
= 0, 


Gf 
r<22 

^3 


= o, 
= -1 



(3.1) 



These formulas (3.1) are derived from (1.3) due to the formula (1.2). The Infeld-van 
der Waerden field is a spin-tensorial field of the type (1,0|1,0|0,1). 

Applying the index lowering and index raising procedures to the Infeld-van der 
Waerden symbols (3.1) we get the inverse 1 Infeld-van der Waerden symbols: 

^ = £££g1Vh*%- (3.2) 

3=1 j=l k=Q 

The inverse Infeld-van der Waerden given by the formula (3.2) are the components 
of a spin-tensorial field of the type (0, 1|0, 1|1, 0), it is denoted by the same symbol 
G as the initial Infeld-van der Waerden field. Here are the numeric values of the 
inverse Infeld-van der Waerden symbols: 



f~i0 
Lr u 

Gil 


= 1, 

= 0, 


( - T 12 
^12 


= 0, 

= 1, 


s~t0 
( - T 21 

G2I 


= 0, 
= 1, 


Ct 22 

G22 


= 1, 

= 0, 


r 3 


= 0, 

= 1, 


r 2 

U 12 

r 3 

U 12 


= i, 

= o, 


r 2 
r 3 

U 21 


= -i, 

= 0, 


r ,2 

r 3 

U 22 


= 0, 

= -1 



(3.3) 



The barred spin-metric tensor d is derived from d by applying r: 

d = r(d). (3.4) 

It is a spin-tensorial field of the type (0, 0|0, 2|0, 0). The components of the field 
(3.4) in (3.2) are derived by means of the formula 

dji = djj. (3-5) 
This formula (3.5) is a special case of the general formula (2.19). In the case of the 

1 Note that the definition (3.2) of the inverse Infeld-van der Waerden symbols is different from 
that of [3]. Their numeric values (3.3) are also different from (7.9) in [3]. However, they differ 
only by the numeric factor 1/2. 
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Infeld-van der Waerden field the reality condition for it is given by the formula: 

t(G) = G. (3.6) 
Applying (2.19) to (3.6), we get the following equalities: 

= G%=W.. (3.7) 

These equalities (3.7) express the reality condition (3.6) in a coordinate form. 

The Infeld-van der Waerden symbols satisfy various identities relating these sym- 
bols with the metric and spin-metric tensors: 



3 3 

p=0 q=0 
2 2 2 2 

i=l 3=1 i=l j=l 
3 3 

Y.Y.'-i'" 1 G p G i 3 = ;3.Hij 

p=0 <}=0 
2 2 2 2 

EEEE dl3 ^^ G 'r 2sM - ( 3 - 11 ) 

i=l 3=1 1=1 3=1 

The following equalities are easily derived from (3.8), (3.9), (3.10), and (3.11): 



EE^ G «= 2 ?- il G '-; (: 'L 2 34 {:u - 

i=l i—l q=0 



The equalities (3.8), (3.9), (3.10), (3.11), and (3.12) here are slightly different from 
(7.14), (7.15), (7.16), (7.17), and (7.13) in [3] since the quantities G% here differ 
from those of [3] by the numeric factor 1/2. The components of the dual spin-metric 
tensors in (3.10) and (3.11) are given by the matrices inverse to dij and djj: 

2 2 
q=l 5=1 

The identities (3.8), (3.9), (3.10), (3.11) are easily derived in canonically associated 
frame pairs (see definition 1.1). However, due to the spin-tensorial nature of the 
quantities in them they remain valid for arbitrary two frames of TM and SM. 

4. Metric connections for chiral spinors. 

Let (U, To, Ti, T2, T3) and (U, *f?i, ^2) be two frames with a common do- 
main U of the bundles TM and SM respectively. Let (U, To, Ti, T2, T3) and 
(U, 4fi, 1 4 r 2) be other two such frames. Assume that UC\U 7^ 0. Then at each point 
p of the intersection U P\U one can write the transition formulas (1.4) and (1.6). 
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Assume that the domains U and U are small enough so that one can introduce 
local coordinates 30 j 30 ^ 30 ^ 30 3 and x°, x 1 , x 2 , x 3 in them. Then, apart from the 
frames (U, To, Ti, Y2, T3) and (£/, To, Ti, T2, T3), which are non-holonomic 
in general case, we have two holonomic coordinate frames (U, Eo, Ei, E2, E3) and 
(U, Eo, Ei, E2, E3) composed by the vector fields 

d d 
E,- = tt-tj E J = T ^. (4.1) 

dx* dx 1 ' 

Taking the expansions of T; and T; in these holonomic frames 
3 3 

3=0 3=0 



due to (4.1) and (4.2) we can represent Tj and Tj as linear differential operators 

T = T° — 4- T 1 — 4- T 2 — 4- T 3 — (4 31 

1 1 dx° % dx 1 1 dx 2 % dx 3 ' { ' 



9 , ^1 9 t2 9 "Y^3 9 



d t ^ d | ^,2 9 | f 3 9 
dx 2 1 dx 3 



Applying the differential operators (4.3) and (4.4) to a smooth scalar function /, 
we denote the resulting functions as the Lie derivatives: 

W/)=E T !'S' L T ! (/) = E^g- (4.5) 

3=0 3=0 

Note that the components of the transition matrices S, T, 6, X from (1.4) and (1.6) 
are smooth functions within the intersection domain U n U. Therefore, one can 
substitute them for / into (4.5). As a result we can define the following functions: 



5k 
1 j 



3 

E r » fc i* i (^) = - 

a=0 


3 

a=0 


2 

Es£ = 

0=1 


2 

-E L *^) e ° 

0=1 


3 

^^Z Ti (T?) = - 

a=0 


3 

-E L ^)r;, 

a=0 


2 

0=1 


2 

-]Tl Ti (6*)^ 

0=1 



(4.6) 
(4.7) 
(4.8) 
(4.9) 

The ^-parameters with and without tilde introduced by the above formulas (4.6), 
(4.7), (4.8), (4.9) are related to each other through the following formulas: 

333 

e % = E E E T " & s o T h ( 4 - 10 ) 

a=0 6=0 c=0 
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% = E E E s ? ^ T " s p ( 4 - n ) 

a=0 6=0 c=0 
3 2 2 

4 = - E E E ^ Q e " ^. ( 4 - 12 ) 

a=0 6=1 c=l 
3 2 2 

% = - E E E ^ a ^ T c ©i- (4.i3) 



a=0 6=1 c=l 



In general case 9^ and are asymmetric in their lower indices and the extent of 
this asymmetry is characterized by the formulas 



t--^=4'> 0*-fl*. = e£., (4.14) 

where Cy and c^- are defined by the following commutator relationships: 

3 3 

[T l5 Tj] = J2 4 r k , [%, Yj] = Y, ~4 r k . (4.15) 

fc=0 k=0 

The quantities c^- and Cy in (4.14) and (4.15) are similar to structural constants of 
Lie algebras. For this reason they are called the structural constants of the frames 
(U, To, Ti, T2, Y3) and (U, To, Ti, T2, T3), though actually they are not con- 
stants, but smooth real-valued functions within the domains U and U respectively. 
As for the identities (4.10), (4.11), (4.12), and (4.13), they are easily derived from 
(4.6), (4.7), (4.8), and (4.9) due to (4.5). 

Definition 4.1. A spinor connection of the bundle of chiral spinors SM is a geo- 
metric object such that in each frame pair (£7, To, Ti, T2, T3) and (U, VE^) 
of TM and SM it is given by three arrays of smooth complex-valued functions 

r*=r*(p), »,j,fc = o, ... , 3, 

A*. = A&(p), » = 0,.. .,3, j,k = 1,2, 



A^ = A^(p), » = 0, ...,3, j,k = 1,2, 



where p £ U, such that when passing from (U, To, Ti, T2, T3) and (U, ^2) 
to some other frame pair (U, T , Ti, T 2 , T 3 ) and (U, ^2) with U n U ^ 
these functions arc transformed as follows: 



1:;. EEE s * T " T ^ f + d % > ( 4 - 16 ) 

6=0 a=0 c=0 
2 2 3 

6=1 a=l c=0 
2 2 3 

A £ = E E E ®s ^ c A c6 + 4- (4.18) 



6=1 a=l c=0 
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The components of transition matrices S, T, 6, and 1 in (4.16), (4.17), and 
(4.18) are taken from (1.4) and (1.6), while the quantities 6^ and are defined in 
(4.8) and (4.9). Spinor connections introduced by the definition 4.1 are used in order 
to define covariant differentiations acting upon spin-tensorial fields and producing 
other spin-tensorial fields from them. The covariant differential V associated with 
the spinor connection (r, A, A) is a differential operator 

V: Sp»T™M ^Sp;T™ +1 M. (4.19) 

In a frame pair (U, To, Ti, Y2, Y3) and (U, ^2), i.e. in a coordinate form, 
the operator (4.19) is represented by the corresponding covariant derivative 

Vfe . 1 Jf* 1 - < .-i 1 -V* 1 -t» = ir, (x i }--- i ^---\ h 1 }--- h 1 r)- 

™ +1 31 — 3/3 31 — 3-y ki... k„ ^n+iv oi... 3-y ki...k n I 

a 2 

1 pip, »!...»„ hi... h m _ 

Z-^i Z-^i fe n +l«V 31 3P31---3-, ki...k„ 



|U=1 Vp = l 

31... Wu ...jp ji ...j-,ki ... k r , 



E r a W p \" l i i<x ii ... iifhi ... hn 

2^ A fe„+i^ A ii. 



. i,, hi ... h~ 



IV y-»l." «c »i — «/j 

2^ A fcn+1^ 31-3031 J-yfel-fen (4.20) 

(U=l 17, = 1 

72 

y y a;*- , x* 1 ™ 1 .-? + 

Z— / Z-^ «n+U(, 31 ■■■ J (3 31 ■■■ Wp ... J-y fci... fc„ 
jU=l 10^ = 1 



, V""* ph,, j^»l...ia<l."tw hl.-.K/j •■• hm _ 
Z-^ Z-^ fc,i + l«n jl...jpjl--.jykl fen 

n 3 

E V pt^V v-ii ... i a ii... i[/ hi h m 

/ J fen+l fe/i 31---30 jl...3-r ki.-.Wp. ...fe n ' 
p=l to M =0 

The formula (4.20) should be understood in the following way. If X is a spin- 
tensorial field of the type (a, 7I771, n) and x ll '" % ° ,% }'" % " h 1 l '" h : m is its coordinate 

J ^ v ' " ' ' 31. .. 3 3i. ..3 7 ki...k n 

representation in the expansion (2.14), then for the spin-tensorial field Y = VX its 
coordinate representation is given by the formula 

yii ... i a %i ... it/ hi... hm ^7 X^ 1 ■■■ ia ii ■ ■ ■ iv hi . .. h m 

3l---3p Ji--. 3~t fei...fe„+l ~~ + ! ji — ipji — i-fki—kn' 

Definition 4.2. A spinor connection (r, A, A) of the bundle of chiral spinors SM 
is called concordant with the complex conjugation if the corresponding covariant 
differential (4.19) commute with the involution r, i. c. if V(r(X)) = r(VX) for 
any spin-tensorial field X. 

Spinor connections concordant with the complex conjugation r in the sense of 
the above definition 4.2 are also called real connections. 
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Theorem 4.1. A spinor connection (T, A, A) of the bundle of chiral spinors SM 
is concordant with the complex conjugation t if and only if 

A* = W r (4-21) 

The theorem 4.1 is proved by direct calculations on the base of the formula 
(4.20). The first relationship in (4.21) means that r-componcnts of a real spinor 
connection are real functions. They obey the transformation rules (4.16) coinciding 
with the transformation rules for the components of an affine connection. 

Corollary 4.1. Any real spinor connection (T, A, A) of the bundle of chiral spinors 
SM comprises some affine connection T as its constituent part. 

Definition 4.3. A spinor connection (r, A, A) of the bundle of chiral spinors SM 
is called concordant with the Infeld-van der Waerden field if VG = 0. 

Definition 4.4. A spinor connection (r, A, A) of the bundle of chiral spinors SM 
is called concordant with the spin-metric tensor if Vd = 0. 

Definition 4.5. A spinor connection (r, A, A) of the bundle of chiral spinors SM 
is called concordant with the metric tensor if Vg = 0. 

Theorem 4.2. Any real spinor connection (r, A, A) of the bundle of chiral spinors 
SM concordant with the Infeld-van der Waerden field G and with the spin-metric 
tensor d is concordant with the metric tensor g too, i. e. for a real spinor connection 
VG = and Vd = imply Vg = 0. 

Proof. Since (r, A, A) is real, from Vd = we easily derive that Vd = 0: 

Vd = V(r(d)) = r(Vd) = 0. 
Then wc apply V r to the identity (3.9). As a result we get 

2 2 2 2 

2 v //,.,, = ]T J2 J2 J2 fadij </,., ('■■; a- + </,, v,/,, x 

i=i j=i i = i j = i (4.22) 

x <•;;; g£ + da d T j v,r;;; G$ + dy d V] ('•]: ) = o. 

The identity (4.22) means that Vg = 0. Thus, the theorem 4.2 is proved. □ 

The concordance condition Vg = is well-known. Since g is a spin-tensorial field 
of the type (0, 0|0, 0|0, 2), this condition is written in terms of the T-components of 
a spinor connection only. Applying the formula (4.20) to \7 r gij, we get 

3 3 

Lr r (9ij ) - E r " 9sj ~ £ K 3 g is = 0. (4.23) 

s=0 s=0 

In general non-holonomic frame (U, To, Ti, T2, T3) the T-components of a spinor 
connection are not symmetric. Therefore we subdivide T^ s into symmetric a skew- 
symmetric parts f^ s and T^ s respectively: 

r r fc s = r^ + f r V (4.24) 



ij ij ' 
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Lowering the upper index k of r* , T^ s , and T^ s , we define the following quantities: 

3 3 3 

Frsq = T r fc s g kq , f rsq = ^2 ^rs 9kq, ^rsq = f * s Qkq- (4-25) 

k=0 k=0 k=0 

From (4.24) we derive the analogous expansion of T rsq into two parts 

^rsq ^rsq "^rsq: (4.26) 

where T rsq = T srq and T rsq = —T srg . Applying (4.25) and (4.26) to (4.23), we get 

T ri j + T r ji = Ly r (9ij) ~ r,..y — T r ji. (4.27) 
By means of the cyclic transposition of indices from (4.27) we derive 

~l~ ^irj ^T^djr) F;> ^irj j (4.28) 
Tjri ~i~ Ij'ir — ^TjxQri) ^jri Ij'ir* (4.29) 

Now let's add (4.28) and (4.29), then subtract (4.27) from the sum. As a result, 
taking into account the symmetry of T and the skew-symmetry of T, we get 

f, _ Lrfajr) + L Tj (gri) ~ L Tr {9ij) _ f, _ f , A o n \ 

*-ijr — 2 *-irj *-jri' ^4.oUJ 

Now, raising the lower index r in (4.30), we obtain the explicit formula for the sym- 
metric part of the T-symbols expressing them through the Lie derivatives Ly^jr), 
Lxjidri), LxXdij) an d through the skew-symmetric part of these T-symbols: 



r=0 

r=0 s=0 r=0 s=0 

From (4.31) and (4.24) for the T-symbols themselves we derive 
r 5 = E 9 ~Y ( L rl9jr) + L rj (9n) - LrM) + 

r=0 

3 3 3 3 

+ ^ E E ft a kr 9s 3 EE 1 ;- // r 



(4.31) 



(4.32) 



r=0 s=0 r=0 s=0 



Note that the skew-symmetric part of the T-symbols is determined by the torsion 

„k 

-ij 



tensor T (see [5]) and by the structural constants A (see their definition (4.15)): 



rp k _ k 

f * = ;1.33i 
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Substituting (4.33) into (4.32), we derive the ultimate formula for T-i ■: 



T ij = E — ( L ^(9jr) + Lr^gn) - LtM) 

k 3 3 s 3 3 



f + E E 9 kr f + E E ° kr 2 5 « + (4 - 34) 

rpk 3 3 3 3 rps 

+ f -EE^^-EE^t 1 **- 

r=0 s=0 r=0 s=0 

Definition 4.6. A real spinor connection (r, A, A) of the bundle of chiral spinors 
SM is called a metric connection, if it is concordant 1) with the spin-metric tensor 
d, 2) with the Infeld-van der Waerden field G, and 3) with the metric tensor d. 

The theorem 4.2 says that the conditions 1) and 2) are sufficient for a real spinor 
connection (r, A, A) to be a metric connection. The Einstein's theory of gravity, 
which is also called the General Relativity, is a theory without torsion, i. e. the 
torsion tensor T is taken to be zero in it: T = 0. Then (4.34) reduces to 

3 k r 

i;'; E V ( ir «for) + - LrM) - 

r=0 (4.35) 

k 3 3 3 3 s K ' 

r=0 s=0 r=0 s=0 

According to the corollary 4.1, the T-components of a real metric spinor connection 
in General Relativity are the components of the Levi-Civita connection for the 
metric g and (4.35) is a frame version of the well-known formula 

,k \^ 5 fer ( dg ]r , dg ri dg k 



r* = V y — 



2 V dx l dxi dx r 

r=0 v 

The above calculations leading to the formula (4.35) are standard. They are similar 
to those performed in section 3 of [7]. 

Now let's study the concordance condition Vd = 0. In a frame relative coordi- 
nate form this condition is written as follows: 

2 2 

V r dy = L-rXdij) - E A « A »i - E A %" d « = °" ( 4 - 36 ) 

s=l s=l 

By lowering the upper index s of A s rj ; we introduce the following quantities: 

2 

A rij =J2Kid sj - (4.37) 

s=l 

Then, due to (4.37), the equality (4.36) reduces to the following one: 

A rij - A rji = Lr r (dij). (4.38) 
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The formula (4.38) means that the skew-symmetric part of A r y is determined by 
the Lie derivative L-r r (dij ) so that we can write 



Ar« = Kij + (4.39) 
where A r y = A rj i. Returning from (4.39) back to the quantities A s r!; , we get 



K^t^ 3 d^+± L ^ d f dJS . (4.40) 

Acting in a similar way, from Vd = we easily derive the formulas 

A^jj A r ^j -)- — — , (4.41) 

i=i i=i 

where A r ij = A r ji. Thus, we have managed to reduce the concordance conditions 
Vd = and Vd = to the symmetry conditions 

Afij A r j^, A r ^j A r j^ (4.43) 

and to the formulas (4.40) and (4.42) for the A and A-components of a spinor 
connection (r,A,A). 

The next step is to study the concordance conditions VG = 0. Applying the 
formula (4.20) to VG = 0, we derive the following equality: 

2 2 3 

LrXGf) + G f Ks + E G f A «- ~ E G p V ro = °- ( 4 - 44 ) 

s=l 5=1 p=0 



In order to transform (4.44) we multiply it by G% and sum it over the index q, 



'h 

meanwhile taking into account the second identity (3.12) 

3 3 3 



2 a;,, sf + 2 s; Kj = J2 E g p (! L E (: L ■ ( 4 - 45 ) 

p=0 q=0 q=0 

Then we apply the index lowering procedure to the indices i and i in (4.45). As a 
result, taking into account (4.37), we derive 

2 2 3 3 

2 A r ji dji + 2 dji A r jj = d si d s j Gp S T P . q G% — 

s=ls - =lp=09=0 

2 2 3 v ' 

-EEE^^^^f)^- 

s=l s=l q=0 
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Substituting (4.39) and (4.41) into (4.46), we derive 

2 2 3 3 

2 A r j i djj + 2 dji A r ji = y ] y ] ^ ] y ] <^si dgj G p Gjj — 

s=l 5=1 p=0 (7=0 

2 2 3 ( 4 - 47 ) 

- E E E d « ^ (: l ~ LtXdji) - /.-r ;</,,.; d^. 

s=l s = l (7=0 

The left hand side of the equality (4.47) is a sum of two terms. The first term 
is symmetric in i and j, see (4.43), while the other is skew-symmetric in these 
indices. Therefore, if we subdivide the right hand side of (4.47) into symmetric and 
skew-symmetric parts, we can write (4.47) as two separate equalities: 



d s i d si Gp Tf. q + d s j d si G p G% 



k rji d-ji -^2^2^2^2 

s=l s=l p=0 <j=0 



^ d sl dg L Tr {Gf) Gl + d SJ dg L Tr {G" q a ) G}. 



(4.48) 



s=l 5=1 q=0 



2 2 3 3 J , J _ /^<ss pp ^9 J j _ /~tss pp /i? 

dji A r - fi = 2^ 2^ 4 

s— 1 s— 1 p— 



4 



y^y^y^ _!l_f! J s '' (4.49) 

s=l 5=1 <7=0 



Lr r {dji) dj^ + L Tr (dji) dji 



In two-dimensional case any equality skew-symmetric in two indices is equivalent 
to a scalar equality independent of these two indices. In the case of the equality 
(4.49) we can multiply it by d y and sum over the indices i and j. As a result we 
obtain the following equality equivalent to (4.49): 



a^-^ + EEEE 

s = ls - =1 p=o g =o 

E E E dsJ Lr " (Gf } G °~ j E E LxXdjl) ^ d]1 

s—l s=l q—0 i=l j=l 

By definition the left hand side of (4.50) is symmetric in i and j. Therefore it 
should be equal to the symmetric part of the right hand side 

2 2 3 3 J __ z^iss pp f~t 1 I i _ /^rss pp f~i Q_ 

A '-5» ~ 2^ 2^ 2^ 2^ § 

s= 1S =lp=0 9 =0 

2 2 3 dsi L Tr (Gf ) G% + d gj £ T ,(Gf ) G% 

s=l s=l g=0 



2233 ri--r< sS rp r q - 

"si ^-"p rq sj 

2 1 ^^^^ 4 
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while the skew-symmetric part of the right hand side of (4.50) should be zero: 

2 2 3 3 J__ (~<ss -pp fiQ_ _ J__ (~iss pp ri 9 
^si ^p L rq sj s 3 P rq si 



EEEE 

s— 1 s— 1 p— g— 

223 ^ L T (Gf ) G 9 , - d 53 LrlGf) Gl 

-EEE ( 4 - 52 ) 



s=l 5=1 q=0 

LrXdji) y^y- L Tr (dji)d i: > d- fi _ 

»=1 J=l 

Again, using the feature of the two-dimensional case, we can reduce (4.52) to an 
equality independent of i and j. For this purpose let's multiply it by d 1 ^ and sum 
over the indices i and j. As a result we get 

2 2 3 3 s~iss pp 2 2 3 t- 

^p 1 7-g "ss ^'TrV'J'g j ^ss 

s=ls=lp=0a=0 s=l s=l o=0 

2 2 " — 2 2 ( 4 - 53 ) 

^ ^ L-r r (djj) ^ ^ L-^) rf* = q 

1=1 J=l i=l 3=1 

Taking into account the first identity (3.12) and the formula (3.2), we can transform 
the equality (4.53) to a more symmetric form: 

3 pp 2 2 3 T„/f^SS\J ri--n<lPC n n 

p=0 ^ s=l s=l q=0 4 

2 2 " - 2 2 ( 4 ' 54 ) 

E E LTr ^ d ^ — E E Lr ^ dj ^ — - o 

i=l J=l »=1 J=l 

Note that the product d ns d flS g qp in (4.54) is invariant under the simultaneous 
transposition of s < — > n, s < — > n, and p < — > q. Therefore, we can write 

E r rp \p L r r (dji) d lJ L-rXdji)d lj _ 

2 y y 2 / j / j 2 

p=0 i = l J = l i=l 3=1 

2 2 3 2 2 3 r^(n sS )r] d - - n qp d nfi + C sS d d--n qp Ti-v(G nn } 

s=l s=l q=0 n=l rl=l p=0 

The Lie derivative hi the above equality acts as a first order linear differential 
operator. For this reason we can continue transforming the above equality: 

E£rp _ \p >^ L-rXdji) d lJ _ ^ \p LrXAji)dy_ _ 
2 _ J _ ' 2 / j / j 2 

p=0 j=l 3=1 i=l 3=1 

2 2 3 2 2 3 7- /rrss ? 1 _ _ /~inn\ n qp 
y"^ y"^ ^^rv^q t * Tls Uns ^p / y 

s=l s=l g=0 n=l n=l p=0 
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G ss L-r(d W- - n qp d nn + H ss d T^ld-AnlP G nn 
^ \ \ \ \ \ ^ q *-< ±VV u ns J %s y ^ w ns 1J ". J \ J 'ns j y q 

s—1 s—1 q—0 n—1 n—1 p—0 

Taking into account the second identity (3.12) and the formula (3.2), we find that 
the last term of the above equality cancels the second and the third terms in it. As 
a result, using (3.9), we can write it as follows: 

p=0 p=0 q=0 

Using the formula (4.20), we can write (4.55) in a very simple form: 

3 3 
p=0 q=0 

Thus, the formula (4.52) is reduced to (4.56), while (4.51) is equivalent to (4.50) 
provided (4.56) is fulfilled. From (4.50) and (4.41) we derive the following expression 
for A-componcnts of the spinor connection (r, A, A): 

2 3 3 (~<si pp fi q 
p rq sj 



S Z lp=0q= ° _ (4.57) 

^ ^ LrAG'j) G% j^j^ LrXdji) & Si 

s—1 q—0 ^ 2—1 j—1 ^ 

Both (4.56) and (4.57), when taken together, are equivalent to (4.49). 

Having all done with (4.49), now we return back to the equality (4.48). The 
left hand side of this equality is skew-symmetric in i and j. Like in the case of 
(4.47), subdividing the right hand side of (4.48) into two parts symmetric and 
skew-symmetric in i and j, we write (4.48) as two separate equalities. Here is the 
first of these two equalities. It is skew-symmetric in i and j: 

2 2 3 3 J . A _ (~<ss pp rrj , j J _ riss pp 
- - ^— \ ^— \ ^— \ ^— \ u *« u si °p 1 rq ^jj ' u sj " s j <J" p rq 
A r:ji </,, g 

s—1 s — 1 p—0 q—0 

2 2 3 3 A J _ /">ss pp /"f9 i J j _ fiss pp /-i <? 

Llll — 

s=l s=l p=0 q=0 

2 2 ^ ri s » d sl L Tr (G* s ) g| + d flJ - <jg £xjgg) G% 

z^i 2-~i 2-~i § 

s=l s=l <j=0 

2 2 3 drids 3 I^GffG% + d aj d s3 L T XGf)GZ 



(4.58) 



+EEE - JJ — /-J, 8 ■ 

s=l s=l 9=0 

Due to the skew-symmetry (4.58) can be transformed to an equality independent of 
i and j at all. Multiplying it by d lJ and summing over i and j, we get the following 
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(4.59) 



equality analogous to the equality (4.51): 

2 2 3 3 i r>ss ™ i J (~<ss pp /m 9 

_ y~^ y~^ u si ^ p A rq s T "sj «J" p 1 r(? 

s—1 s—1 p—0 q—0 

Lll — ■ 

s=l s=l 9=0 

By analogy to (4.52) one can write the following equality: 

2 2 3 3 i f^iss yp (-1 9 _ j ftss pp /"i 9 
y^ y^ y^ u si ^p L rq ;?S s 3 p rq ^is 

s—1 s—1 p—0 q—0 

V^V^v^^ L Tr (Gq S ) G? g - d SJ L-r r (G s q s ) G? s 

LLL — ( 4 -60) 

s=l s=l 9=0 



L ?x d n) ^ L ^ dj ^ dn dji - o 



i=i j=i 



Acting in a similar way as in the case of (4.52), one can show that the equality 
(4.60) is equivalent to (4.56). Adding (4.60) to (4.59), we get 



j I j \ 2 2 3 3 j f-iss pp (~iq 



s=ls=lp=0q=0 



U J* 

A 

s =l s =l q=0 j=l j-=l 



The formula (4.61) is similar to (4.50). From (4.61) and (4.39) we derive 

2 3 3 y-iis pp 9 
_ y^ y^ ^2 Tq S — 

5=1 p=0 9=0 

(4.62) 

_ ■ yy L x XG q s ) Gj s y, y-v Lx r (d]i) d lj S* 

s=l q=0 ^ i=l j = l 

The last step is to study the symmetric part of the equality (4.48). Symmetrizing 
(4.48) with respect to i and j, we find that its symmetric part is written as 

Bijjj + I',,,, = 0, (4.63) 

where 

2 2 3 3 A ■ A - n sS VP C q -L A A - VP C q 
\ - v - x -i x "si «si "^p L rq ^jj > u s] a sj ^p L rq^a 

B ifij = 2^ § 
s=ls - =lp=0g=0 

2 2* dsi d sl L Tr (G q s ) G], + 4, <% LrXGf) G% 

s=l s=l 9=0 ^ 
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Using (4.25) and the formula (3.2), we transform (4.64) as follows: 

2 2 3 3 fi j f-tss „pa\ y (J J _ /~mn (3q\ 
s, s, n, n p, g, a, (3 

s, s, n, n p, g, a, /3 ^ 

^ ^ ^ (d« -^(G^)) 5 9P (d nJ - djy G™") 

s, s, n, n p, q ^ 
2 2 3 



(4.65) 



_ (dridgjGfgPidnj d n - Lr T (Gf ) ) 



8 

s, s, n, n p, q 



Remember that the Lie derivative L~r r acts as a first order linear differential oper- 
ator. Therefore, the formula (4.65) can be written as 

2 2 3 d -d--rd ■ d -■ T,-r ( d sS niP O nTi ) 

B an = - 2^-1^ § + 

s, s, n, n p, q 
2 2 3 



(d si d« Gf ) L-r„(s 9P ) (dnj 4j Gf ) 



(d ri d s -5 Gf <?p q ) r r/3Q (d nj 4j Gf gPi) 



(4.66) 



+E-EE 

s, s, n, n p, q 
2 2 3 3 

+E-EE-E 

s, s, n, n p, 5, ct, f3 

2 2 3 3 / 7 j _ s-y S s n pct\ p ( ri A - C n n n (3q\ 

s, 5, n, n p, q, a, P ^ 

Remember that g qp form the inverse matrix for g qp . Therefore, we have 

3 3 

Lr r (g qp ) = - E E 3 PQ ir r ( W ) g Pq (4.67) 

a=0 /3=0 

Substituting (4.67) into (4.66) and applying (3.10) and (4.20) to it, we derive 

^-v d s i d S i d n j djfj L-r r (d sn d sn ) 

s, s, n, fi p, q , . 

2 2 3 3 -- " ( 4 ' 68 ) 

^ ^ ^ ^ (dsi d 5 i Gf g pa ) V r g ai g (d nj d ft j G™ n g^ 9 ) 

s, s, n, n p, q, a, (3 ^ 

The first term in (4.68) is skew-symmetric in i and j. It vanishes when we substitute 
(4.68) into (4.63). As a result the equality (4.63) takes the form 

3 3 3 3 

E E G ?i V r9*r3 Gj + E E G fi V r9 a p G% = 0. (4.69) 

a=0p=0 a=0p=0 



20 



R. A. SHARIPOV 



Thus the concordance condition VG = is equivalent to the formulas (4.57), and 
(4.62) provided Vd = 0, Vd = 0, and the equalities (4.56) and (4.69) are fulfilled. 
This result of the above calculations can be stated as the following theorem. 

Theorem 4.3. The concordance conditions Vd = 0, Vd = 0, and VG = for 

a spinor connection (r,A, A) are equivalent to the formulas (4.34), (4.57), and 
(4.62) for its components in an arbitrary frame pair (U, To, Tj, T2, T3) and 
([/, Hfi, \&2) of the bundles TM and SM respectively. 

Proof. Note that Vd = 0, Vd = 0, and VG = imply Vg = 0. The latter 
concordance condition is equivalent to the formula (4.34). Moreover, due to this 
condition the equalities (4.56) and (4.69) are fulfilled. Then from Vd = 0, Vd = 0, 
and VG = the formulas (4.57) and (4.62) are derived. 

Conversely, the formula (4.34) leads to Vg = and to the equalities (4.56) and 
(4.69). The equality (4.69) is equivalent to (4.63). The equality (4.56) is equivalent 
to (4.60). Being combined with (4.62), the equality (4.60) leads to (4.58) and (4.42). 
Both (4.63) and (4.58) yield (4.48). 

The equality (4.56) is equivalent to (4.52). Being combined with (4.57), the 
equality (4.52) leads to (4.49) and (4.40). The equalities (4.40) and (4.42) are 
equivalent to Vd = and Vd = 0. An finally, from (4.48) and (4.49) by applying 
(4.40) and (4.42) we derive VG = 0. The theorem is proved. □ 

Corollary 4.2. The components of a real metric connection (r, A, A) with zero 
torsion T = for the bundle of chiral spinors SM are given by the explicit formulas 



Let M be a space-time manifold and let SM be a spinor bundle over M intro- 
duced by the definition 1.1. By S f M (see (2.2)) we denote the Hermitian conjugate 
bundle for SM. Taking both SM and S 1 M, we construct their direct sum 



The direct sum (5.1) is called the Dirac bundle associated with the spinor bundle 
SM. This is a four-dimensional complex bundle over M. The bundles SM and 
S 1 M, when treated as the constituents of DM, are called chiral bundles. 

Due to the expansion the Dirac bundle DM acquires from SM its three basic 
spin-tensorial fields: the spin-metric tensor d, the chirality operator H, and the 
Hermitian spin-metric tensor D, which is also called the Dirac form. The defini- 
tions of these three fields can be found in section 3 of [6] . 

Definition 5.1. A frame (U, *i, * 2 , *3, *<t) of the Dirac bundle DM is called 
an orthonormal frame if the spin-metric tensor d is represented by the following 
skew-symmetric matrix in this frame: 



(4.35), (4.57), and (4.62). 



5. Dirac spinors. 



DM = SM® S'M. 



(5.1) 





-1 





1 











1 












1 



(5.2) 
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Definition 5.2. A frame (U, *i, * 2 , *3, *4) of the Dirac bundle DM is called 
an anti-orthonormal frame if the spin- metric tensor d is represented by the matrix 
opposite to the matrix (5.2) in this frame: 



0-100 
10 
1 
0-10 



(5.3) 



Definition 5.3. A frame (U, *i, \& 2 , *3, *4) of the Dirac bundle DM is called a 
chiral frame if the chirality operator H given by the following matrix in this frame: 



m 



10 
10 
0-10 
-1 



(5.4) 



Definition 5.4. A frame (U, *i, * 2 , *3, *4) of the Dirac bundle DM is called 
an anti- chiral frame if the chirality operator H given by the diagonal matrix oppo- 
site to the matrix (5.4) in this frame: 



-10 
0-100 
10 
1 



(5.5) 



Definition 5.5. A frame (U, *i, * 2 , *3, *4) of the Dirac bundle DM is called 
a self-adjoint frame if the Hermitian spin-metric tensor D (the Dirac form) is rep- 
resented by the following matrix in this frame: 









1 














1 


1 














1 









(5.6) 



Definition 5.6. A frame (U, *i, * 2 , * 3 , *4) of the Dirac bundle DM is called 
an anti- self- adjoint frame if the Hermitian spin-metric tensor D (the Dirac form) 
is represented by the matrix opposite to the matrix (5.6) in this frame: 



D i3 = D(V 3 ,*i 





-10 
0-10 



1 

-1 






(5.7) 



In [6] the P and T reflection operations were studied and the following four types 
of frames in the Dirac bundle DM were considered: 

(1) canonically orthonormal chiral frames; 

(2) P-reverse anti-chiral frames; 

(3) T-reverse anti-chiral frames; 

(4) PT-reverse chiral frames. 
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Canonically orthonormal chiral frames are simultaneously orthonormal, 
chiral, and self-adjoint frames. This is the basic type of frames most closely related 
to the expansion (5.1). Each canonically orthonormal chiral frame of the Dirac bun- 
dle (U, VPi, ^3, ^4) is produced from some orthonormal frame ([/, *f?i, ^2) 
of the chiral bundle SM as follows: 

= * a = ** b - *3=^ c l iral , *4=^l iraI . (5.8) 

P-reverse anti-chiral frames are self-adjoint, but anti-orthonormal and anti- 
chiral. Any P-reverse anti-chiral frame (U, &2, *3; ^4)) is produced from 
some canonically orthonormal chiral frame (U, \&2, *&3, ^i) by P-inversion: 



*1 = *3 



*2 = *4 



*1, 



* 4 = 



(5.9) 



T-reverse anti-chiral frames are orthonormal, anti-chiral, and anti-self-ad- 
joint. Any T- reverse anti-chiral frame (U, \E' 1 , \&2i ^3j ^4), is produced from some 
canonically orthonormal chiral frame (U, >&2j ^31 ^4) by T-inversion: 



*i = i M> 3 



i *4 



4*2 



(5.10) 



PT-reverse chiral frames are anti-orthonormal, chiral, and anti-self-adjoint. 
Any PT-reverse chiral frame (U, *&2, *3; ^4)) is produced from some canon- 
ically orthonormal chiral frame (U, \E r 2 , ^3, ^4) by PT-inversion: 



i *9 



*3 



-»*3, 



T* 4 



(5.11) 



All of the above facts are easily derived from (5.2), (5.3), (5.4), (5.5), (5.6), and 

(5.7) . The P, T, and PT-invcrsions introduced in (5.9), (5.10), and (5.11) are not 
actual operations over spinors, they are frame transformations only. The formula 

(5.8) defines a frame construction operation. 

The frames of all of the above four types are canonically associated with some 
frames in TM . The frame association is given by the diagram 



Canonically orthonormal 
chiral frames 



P-reverse 
anti-chiral frames 



T-reverse 
anti-chiral frames 



PT-reverse 
chiral frames 



Positively polarized 
right orthonormal frames 



Positively polarized 
left orthonormal frames 



Negatively polarized 
right orthonormal frames 



Negatively polarized 
left orthonormal frames 



(5.12) 



Like SM, the Dirac bundle DAI is a complex vector bundle over the smooth 
real space-time manifold M. For this reason there is a semilinear involution of 
complex conjugation r acting upon spin-tensorial fields associated with DAI. This 
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involution r is canonically associated with DM, it is introduces in a way similar to 
r for SM (see details in [6]). Applying t to the spin- metric tensor d, we get 

d = r(d). (5.13) 

This is a spin-tensorial field of the type (0, 0|0, 2|0, 0), while d itself is a field of the 
type (0, 2 1 0, 1 0, 0) . The following formulas are analogous to (2.18) and (2.19): 



-:X: >\V \ \ -.Y' ! -\hi-h ^' 1 -^ 1 ->, fel -, fcn , (5.14) 
v ' Z-^i / , / w Z-^i 31— j~, ji— ip fci— k n n — i„ i a hi... h m > v / 



where 



ii, ... , it, hi, ... , hn 

h 3i ki fe„ 

ii , ... , ict 
ji, ■■■ ,3/3 



T j^ii--- V h — ia hi... h m _ j£ii...i a ii...i„ hi...h m (5 15) 

jl-.-jy 31— j& ki...k„ h—ieh — jyki—K ' ■ ' ' 



Applying (5.14) and (5.15) to (5.13), we derive the components of d: 



= d-g. (5.16) 
The local fields — n m the expansion (5.16) are introduced in a way 

ll li ... %<x hi... hm f \ / J 

similar to that of (2.13). As for the formulas (5.14), (5.15), and (5.16), they hold 
for arbitrary frame pairs (U, \&2, *3, ^4) and (U, Tq, Yi, Y2, T3), not only 
for those listed in the diagram (5.12). 

Let's apply the formula (5.15) to the formula (5.6) or to the formula (5.7). As a 
result we find that the Dirac field D is a real spin-tensorial field: 

t(D)=D. (5.17) 

From (5.17) for the Dirac form D(X, Y) = C(D <Z> r(X) <Z> Y) we derive 

4 4 

£>(X, Y) = J2 E ' = W X). (5.18) 

i=i j=i 

The identity (5.18) shows that the Dirac form £>(X, Y) is a Hermitian form. 



6. DlRAC'S 7-FIELD, 7-SYMBOLS, AND 7-MATRICES. 

The Infeld-van der Waerden symbols are not expanded to the Dirac bundle. 
Instead of them, here we have the Dirac's 7-field 7. This is a spin-tensorial field 
of the type (1, 1|0,0|0, 1). Its components are called the Dirac's ^-symbols. In a 
frame pair of any type listed on the diagram (5.12), 7-symbols are given explicitly: 

Ti'o = 0, 720 = 0, 

7i 2 o = 0, 7 2 2 o = °. 

7i 3 o = 1, 7 2 3 o = 0, 

7i 4 o = °. 7 2 4 o = 1 = 



73 


= 1, 


74 


= 0, 


7 3 2 o 


= 0, 


7 4 2 o 


= 1, 


7 3 3 o 


= 0, 


7 4 3 o 


= 0, 


7 3 4 o 


= 0, 


4 

74 


= 0, 



(6.1) 
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ll\ 


-o, 


121 


-o, 


73 X i 


= o, 


ill 


= 1, 


ill 


= 0, 


iii 


= 0, 


7 3 2 i 


= 1, 


ill 




Tl'l 


= 0, 


iii 


= -1, 


7 3 3 i 


= o, 


74 3 ! 


= o, 


ll\ 


= -1, 


iii 


= o, 


7 3 4 i 


= o, 


74 4 ! 


-o, 


7i X 2 


= 0, 


122 


= o, 


132 


= 0, 


1I2 


= -i, 


7i 2 2 


= o, 


o 

72 2 


= o, 


o 

73 2 


= i, 


2 

74 2 


= o, 


7i 3 2 


= 0, 


72 3 2 


= i, 


7 3 3 2 


= o, 


74 3 2 


-o, 




= -i, 


7 2 4 2 


= 0, 


7 3 4 2 


= 0, 


7 4 4 2 


= 0, 


7l3 


= o, 


7 2 X 3 


= o, 


133 


= 1, 


7i 3 


= 0, 


7i 2 3 


= 0, 


72 2 3 


= 0, 


733 


= 0, 


74 2 3 


= -1, 


7i 3 3 


= -1, 


72 3 3 


= 0, 


^3 


= 0, 


74 3 3 


= 0, 


7i 4 s 




7 2 4 3 


= 1, 


133 


= 0, 


74 4 3 


= 0. 



(6.2) 



(6.3) 



(6.4) 



The second lower index of the 7-symbols (6.1), (6.2), (6.3), and (6.4) is a spacial 
index. By fixing this index, we can arrange 7-symbols into four square matrices 



Ik 



Ilk 72ft 73ft 74^ 

7ffc 7 2 2 ft 7 3 2 fe 7 4 2 fc 

7ift 72 3 fc 73 3 fe 74ft 

4444 
7ift 7 2 ft 7 3fc 7 4fe 



k = 0, 1, 2, 3. 



(6.5) 



The matrices (6.5) are called Dirac matrices. One can write them explicitly: 



7o 



72 









f 















f 











1 









f 





1 











• 


7i = 





-f 








1 












-f 



















-i 







f 











i 















-f 





i 










73 


-f 








—i 


















1 






(6.6) 



The Dirac matrices (6.6) are very popular in physics. However, dealing with them, 
one should remember that each separate matrix has no spin-tensorial interpretation. 

The most popular property of the Dirac matrices (6.6) is written in terms of 
their anticommutators {7,, 7^} = ji ■ 7j — 7j • 7,: 



{li, 1]} = ^9ij 1- 



(6.7) 



Here 1 is the unit matrix. Due to this property they define the 4-dimensional 
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representation of the Clifford algebra Cl(l, 3, M) (see [8]). In terms of the 7-symbols 
the formula (6.7) is written as follows: 

4 4 

E ^ -Tcj + E % l h ci = 2 9ij S a c . (6.8) 

6=1 6=1 

Apart from (6.8), there are also some analogs of the properties of Infold- van der 
Waerden symbols (3.8), (3.9), (3.10), and (3.11). Here is the most simple of them: 

4444 

E E E E 7w d ae d bh 7 & = 4 9ij . (6.9) 

o=l 6=1 e=l h=l 

The identity (6.9) is an analog of (3.9). It is derived from the following more simple 
identity with the use of the anticommutator relationship (6.8): 

4 4 

EE^^ e d b,i =7e"- (6.10) 

a=l 6=1 

By <i b/t in (6.9) and (6.10) we denote the components of the dual spin- metric tensor. 
By tradition we denote it by the same symbol d. Its components d bh form the 
matrix inverse to d ae . 

The inverse Dirac's 7-field 7 is a spin-tensorial field of the type ( 1 , 1 1 0, 1, 0) . 
Its components are obtained from 7? m by raising the lower index m: 

3 

k=0 

The formula (6.11) is an analog of the formula (3.2). The quantities 7.™ obtained 
through this formula are called the inverse ^-symbols. From (6.9) and (6.10), taking 
into account (6.11), now we derive 

4 4 

EE-4^ ei = 4 4 ( 6 - 12 ) 

e=l h=l 

The formula (6.12) is an analog of the first formula (3.12). By raising the index i 
in (6.10) we obtain the following equality for the inverse 7-symbols: 

4 4 

EE^-^^- (6-13) 

a=l b=l 

Then rising both indices i and j in (6.9) we derive the identity 

EEEE76 0i ^e^7r =4<7« (6.14) 

a=l b=l e=l h=l 

The identity (6.14) is analogous to (3.11). As for the identities (6.10) and (6.13), 
they have no analogs in chiral spinors. 
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The relation of Dirac's 7-field and the chirality operator H is determined by the 
structure of 7-matrices (6.6). By means of direct calculations we prove that 

{ 7m , H} = 0. (6.15) 

Like in (6.7), in (6.15) we have the anticommutator {"fm, H} = j m ■ H + H • -f m . 
In a coordinate form the identity (6.15) is written as 

4 4 

E tfm H c + E H b 7cm = 0. (6.16) 

6=1 6=1 

As for d and H, their relation is described by the identity similar to (6.16): 

4 4 

J2d ab H b c =J2H b a dbc (6.17) 
6=1 6=1 

The identity (6.17) means that the chirality operator H is a symmetric operator 
with respect to the bilinear form of the spin-metric tensor d, i. e. 

d(H(X), Y) = d(X, H(Y)) (6.18) 

for any two spinors X and Y. In the case if the Dirac form (the form of the 
Hcrmitian spin- metric tensor D) we have the identity similar to (6.18): 

D(H(X),Y) =-D(X,H(Y)). (6.19) 

The identity (6.19) means that H is an anti-Hcrmitian operator with respect to the 
Hcrmitian form D. In a coordinate form (6.19) is written as 

4 4 

Y^n,„lr y,ii , ;n,„. (6.20) 

a— 1 a— 1 

Returning back to the Dirac's 7-symbols, we can write 
3 3 



E\ ^ a e ran ea re ttci i_i c. 
Ibm Ihn 9 =0 h b - H h H b 

m— n— 

4 4 

+ d ae d bh -J2Y, H r dred bsH S h7 



(6.21) 



3 3 



(6.22) 



E E ^ am lH n 9mn = 81 51 HI HI + 

m—0 n=0 

4 4 

+ d a£ d bh - E E H r ^ d bs H h- 
r—1 s—1 

The identities (6.21) and (6.22) are analogs of (3.8) and (3.10). Taking into account 
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(6.11), we can transform (6.21) and (6.22) to the following identity: 



3 



Earn e ca re rra rre , 

lb Ihm =°h°b- H h H b + 

m=0 (6.23) 
+ d ae d bh - E E H r dre d bs H s h . 



r— 1 s—1 



The identity (6.23) is an analog of the second identity (3.12). 

Let's take the components of the Dirac form (the Hermitian spin-metric tensor 
D) and raise their indices. As a result we obtain 



4 4 



d u = e E dia Daa d * J - ( 6 - 24 ) 



a—l a—l 

The matrix D" is inverse to D{i in the sense of the following equalities: 

4 4 

1 n -. i ) ' • ' = o 



Y^lh.iy *y J2 D ajD aJ = 5j. (6.25) 



a—l a—l 



Due to (6.25) the spin-tensorial field D of the type (1, 0|1, 1 0, 0) determined by the 
matrix (6.24) is called the inverse Hermitian spin-metric tensor. Using both D" 
and Djj, we define the following quantities: 

4 4 

Yam D a \ 7 g = E ^- (6-26) 

a—l a—l 

The quantities (6.26) are called direct and inverse Hermitian ^/-symbols. They define 
two spin-tensorial fields of the types (1, 0| 1, 0|0, 1) and (0, 1|0, 1|1, 0) respectively. 
We denote these fields by the same symbol 7, as well as the initial fields from which 
they are produced. The fields (6.26) are real fields: 

Tin) = 7- (6-27) 
Indeed, by means of direct calculations we can prove that 

7^ = 7l ifi=Wi- ( 6 - 28 ) 

The equalities (6.28) are coordinate representations of the equality (6.27). In terms 
of the initial 7-symbols they can be written as 



E^L = E^A^ (6.29) 

a—l a—l 

The equality (6.29) is similar to (6.20). Moreover, we have 

4 4 

E d «%-™ = -E^™^- ( 6 - 3 °) 

a—l a—l 

The equality (6.30) is derived from (6.10), it is similar to (6.20) and (6.29). 
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7. Spinor connections for Dirac spinors. 

Let (U, T , Ti, T 2 , T 3 ) and (U, \I>2, *3, *4) be two frames with a com- 
mon domain U of the bundles TM and DM respectively. Let (U, To, Ti, T2, T3) 
and (U, #1, * 2 , *3, *4) be other two such frames. Assume that UC\U ^ 0. Then 
at each point p <E U P\U =/= one can write the transition formulas (1.4). Instead 
of (1.6) here we write the following transition formulas: 



4 4 

3=1 i=i 

Using the transition matrices from (1.4) and (7.1), one can define the ^-parameters. 
They are introduced by the formulas which are almost the same as the formulas 
(4.6), (4.7), (4.8), and (4.9) in section 4: 



^=T, T a L T,(S]) = -J2 L T(Ta)S^ (7.2) 

a=0 a=0 
4 4 

a— 1 a— 1 

3 3 

^ = ]r^L Xl (T7) = -E L -^a)?r, ( 7 - 4 ) 

a=0 a=0 

4 4 

4 = £)6*Z ri (T?) = -^L Ti (6^)T». (7.5) 



a=l a=l 



The only difference is that the indices i and k in (7.3) and (7.5) run over the range 
from 1 to 4. The formulas (7.2) and (7.4) coincide with (4.6) and (4.8) exactly. For 
this reason ^-parameters 8^ and 9^ here coincide with those in section 4 and the 
relationships (4.10), (4.11), and (4.14) for them are valid. 

Definition 7.1. A spinor connection in the Dirac bundle DM is a geometric object 
such that in each frame pair ([/, To, Ti, T 2 , T3) and (£/, y&i, \&2, *3, ^4) of the 
bundles TM and DM it is given by three arrays of smooth complex- valued functions 

r& = r&(p), i,j,k = o, ... ,3, 

k% = k%{p), * = 0, ...,3, i,fc = i, ...,4, 

A& = A£.(p), i = 0, ...,3, j,fc = 1, ... , 4, 

where p £ U, such that when passing from the frame pair ({/, To, Ti, T 2 , T3) 
and (U, , 4 , 2 , *3, ^4) to some other frame pair (U, To, Ti, T2, T3) and 
(U, 1 4' 2 , ^3, V&4) with U (~l {/ 7^ these functions are transformed as follows: 



333 

6=0 a=0 c=0 



(7.6) 
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4 4 3 



4, = E E E &k «^ T i + (") 

6=1 a=l c=0 

4 4 3 



b=l a=l c=0 



The components of the transition matrices 5, T, S, and T in (7.6), (7.7), and 
(7.8) are taken from (1.4) and (7.1), while the quantities 9\- and are defined in 
(7.4) and (7.5). The covariant differential V associated with the spinor connection 
(r, A, A) introduced in the definition 7.1 is a differential operator 

V: D%D»T™M^D%D^T™ +1 M. (7.9) 

In a coordinate form the operator (7.9) is represented by a covariant derivative: 

V yil...i a %l...ly hi...hm _ £ /yu ... i a hy ... h m ") _ 

"+ 1 Ji~.jp J1---3-, ki-..k„ '■k n+1 \ ^...jp J-L-..J-, kx~.k n J 



ri\...v u ... i £ ii ... i v hi... h r 



Er A v x' 1, 
fen + lf M jl jpjl~-j- 1 k 1 ...k n 

13 4 



2-^1 fcn+lj M jl—Wf, ... jpjl...j-,kl...k„ 



y y a!" x 11 



fj,=l u M =l 



m 3 



i a ii... D„ ... i u hi... 
. Ji-~jpji jyki...k n 



7 4 

y y a!" m , .v -H 1 - 

/-^l Z-^l Kn + U/i Jl — J/Jjl- 



it, /ii . . . /i m 

tu M ... j 7 fci ... k„ 



Z-^ fcn+l^f, jl~.jfijl~.jyk! fc„ 



n 3 

E\ ^ Y' w - j^ii... i a 'ii...iv hi hr, 

/ j k n + ik^ ji...jpji...jyki...w /l ...k 



(7.10) 



The formula (7.9) is analogous to (4.19), while (7.10) is an analog of (4.20). 

Definition 7.2. A spinor connection (r, A, A) of the bundle of Dirac spinors 
DM is called concordant with the complex conjugation or a real connection if the 
corresponding covariant differential (7.9) commute with the involution r, i. e. if 
V(t(X)) = t(VX) for any spin-tensorial field X. 

Definition 7.3. A spinor connection (T, A, A) of the bundle of Dirac spinors DM 
is called concordant with the Dirac's j -field if V7 = 0. 

Definition 7.4. A spinor connection (r, A, A) of the bundle of Dirac spinors DM 
is called concordant with the spin-metric tensor if Vd = 0. 
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Definition 7.5. A spinor connection (T, A, A) of the bundle of Dirac spinors DM 
is called concordant with the metric tensor if Vg = 0. 

Definition 7.6. A spinor connection (r, A, A) of the bundle of Dirac spinors DM 
is called concordant with the chirality operator if VH = 0. 

Definition 7.7. A spinor connection (r, A, A) of the bundle of Dirac spinors DM 
is called concordant with the Hermitian spin-metric tensor if VD = 0. 

Theorem 7.1. A spinor connection (r,A,A) of the bundle of Dirac spinors DM 
is concordant with the complex conjugation t if and only if 

A*-=a£. (7.11) 

The theorem 7.1 is an analog of the theorem 4.1. Its proof is obvious due to the 
formulas (5.14), (5.15), and (7.10). 

The Dirac 7-symbols are more numerous than the Infeld-van der Waerden sym- 
bols. For this reason they contain more information and they are more self- 
sufficient. Instead of the theorem 4.2 here we have. 

Theorem 7.2. Any spinor connection (r, A, A) of the bundle of Dirac spinors 
DM concordant with the Dirac "/-field 7 is concordant with the metric tensor g as 
well, i. e. V7 = implies Vg = 0. 

Proof. In order to prove this theorem it is sufficient to apply the identity (6.8). By 
setting c = a and summing over the index a from (6.8) we derive 

EE^+EET^ = 2EE7 b -7^- = *9ir (7.12) 

o=l 6=1 a=l 6=1 a=l 6=1 

Applying the covariant derivative V& to both sides of the equality (7.12) and taking 
into account that Vfc7 h ° = and Vk7aj> we derive Vkgij =0. □ 

Theorem 7.3. A spinor connection (T, A, A) of the bundle of Dirac spinors DM 
concordant with the Dirac "/-field and with the spin-metric tensor d is concordant 
with the chirality operator H too, i. e. V7 = and Vd = imply VH = 0. 

Proof. In order to prove this theorem we apply the identity (6.23). Due to the 
previous theorem 7.2 from ^klj m = it follows that Vkgij = and Vfc<? u = 0. 
Then from Vfe<7 u = and Vklj m = due to the formula (6.11) wc get V k "/" a = 0. 
Now applying V& to both sides of (6.23) and using Vd = 0, we derive 

4 4 

E( V ^° d ™ d >>° H h + H r d re d bs \7 k H s h ) + V k HZ HI + HI \7 k H£ = 0. 

r—l s—1 

Let's multiply this equality by H h q and sum it over the index b. As a result we get 

4 444 

V fc ff r a d re d^ + YsYY, H r dre d ib H b s V k HZ + 

6=lr=ls=l (713) 

+ V k H a h 5 e q + J2 H a h H\ V k H e b = 0. 
6=1 
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In deriving (7.13) we used the formula (6.17) and the identity H 2 = id. In a 
coordinate form the identity H 2 = id is written as follows: 



J2HIH b h =S%. (7.14) 

6=1 

The formula (7.14) is easily derived from the matrix representation of the chirality 
operator (5.4) or (5.5). From (7.14) we easily derive 

4 4 



e=l 6=1 

Applying the covariant derivative Vfe to (7.15), we find that 

4 4 4 4 

E E( V ^ £ H e + H * V ^e )=2£5>e 6 W = 0. (7.16) 



e=l 6=1 e=l 6=1 



Now let's set q = e in the equality (7.13) and recall that the matrix d re is inverse 
to the matrix d e b when summing over the index e. As a result from (7.13) we get 



4 4 



6 V k H a h + E E ^ H e V * H b = °- ( 7 - 17 ) 

e=l 6=1 

Applying (7.16) to (7.17), we see that the second term in (7.17) is zero. Hence, we 
have Vfei/^ = 0. The theorem 7.3 is proved. □ 

Theorem 7.4. A real spinor connection (T, A, A) of the bundle of Dirac spinors 
DM concordant with the Dirac "/-field and with the spin-metric tensor d is concor- 
dant with the Dirac form D as well, i. e. V7 = and Vd = imply VD = 0. 

Proof. The proof of this theorem is based on the following identity for 7-symbols: 
33 44 

E E 9mn 1L = -J2J2 D sh D bf ^ + 

m—0n—0 s—1 r—1 

4 4 4 4 

+ E E E E H s D ^ d sa H r b D rf d^ - (7.18) 

r—1 s—1 r—1 q—1 

4 4 4 4 4 4 

" E E ^ D ^ ~d fS D bh + E E E E d Sa K D r , d pe Hi D qh . 

s—1 f—1 r — 1 s — 1 f—1 q—1 



The identity (7.18) is proved by direct calculations. Let's apply the covariant de- 
rivative Vfc to both sides of the identity (7.18). When doing it we should remember 
that V7 = and Vd = imply Vg = and VH = due to the theorems 7.2 and 
7.3. Moreover, V7 = implies Vr(7) = since (r, A, A) is assumed to be a real 
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spinor connection. As a result, taking into account all the above arguments, from 
(7.18) we derive the following identity for the components of the Dirac form D: 



- E E VkD sh dSa D br d fS - E E D *h dsa VfcCbf d fS + 

s—1 f—1 s—1 f—1 

4 4 4 4 

+ E E E E ^ ( H * V <* D <* H l D rr + H ! D q h H l Vfc^W ) ~ 

r—1 s—1 r—1 q—1 

4 4 4 4 

- E E ^ V * D *r ^ ^ D °r d fS V k D b ~ h + 

S — 1 f—1 S — 1 f—1 

4 4 4 4 

+ E E E E d '" (H's V fe £W Hi D qh + HI D r , Hi V k D qh ) d™ = 0. 

r—1 s—1 f—1 q—1 

Note that each term in the above identity contains the sum over the index s and 
the factor d sa , where a is a free index. Similarly, each term contains the sum over 
the index f and the factor d re , where e is a free index. The quantities d sa and 
d re form two non-degencrate matrices. Therefore, we can cancel them in the above 
equality and simultaneously omit the sums over s and f: 

4 4 

-V*Z> aS D br - D sh V k D br + J2 E H * VkD ih H b D r , + 

r=l q=l 

4 4 

+ E E H q s D g n HI V k D rr - V k D 8f D bTl - D sf \7 k D bh + (7.19) 

r—1 q—1 

4 4 4 4 

+ E E HI VfcA* Hi D gh +J2T,H r s D r , Hi V k D g% = 0. 

r—1 q—1 r—1 q—1 

Now let's multiply (7.19) by D bh and sum over the indices b and h. The quantities 
D bh arc defined through the formula (6.24). Taking into account (6.25), we derive 

4 4 4 4 

-5 v k D sf + E E E E ^ VkD ^ Dbh H r b D rf - 

r=l g=l 6=1 h = i 
4 4 4 4 

"EE D * VkD bh Dbh + E E HI V fc D rf ffj + (7.20) 

6=1 h=l r=l 6=1 

+ E E E X>i a* ^ 9 ^ = o. 

r=l g=l 6=1 h = i 

In deriving (7.20), apart from (6.25), we used the equality (7.14). Remember, that 
H is a traceless operator (see its matrix (5.4)). This means that 

4 

trH = J2 H b=0- (7-21) 

6=1 
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ah 



ha 



Due to (7.21) the fourth term in (7.20) is zero. The third term in the left hand side 
of (7.20) is zero too. This fact is proved with the use of the formula (6.24): 

4 4 4 4 4 4 

o = EE v ^ D bn D bh ) = E E E E v ^ D b- h d ba D a - a d ah ) = 

6=1 fe=l 6=1 /i=l o=l o=l 

4444 4444 

= E E E E v k D bh d ba D a - a d ah +EEEE% dba v* D <* d 

6—1 h—1 o,—l a—1 b—1 h—1 a—1 a—1 

4444 4444 

= E E E E v " D bn d ba D a - a ^ + E E E E V * D - dab D ^ d 

6—1 h—1 o,—l a—1 b—1 h—1 a—1 a—1 

4 4 4 4 4 4 

= 2 E E E E V k D bJl d ba D a - a d*~ h = 2 £ £ VfcAs D bh . 

6=1 /i=l o=l o=l 6=1 h=l 

In the above calculations we used (6.25) and the skew-symmetry of d and d. The 
last term in the left hand side of (7.20) is also zero. This fact is derived from (7.21): 

o = E^ = EEE^(^^^)-EEEEEWx 

6=1 9=16=1^=1 9=1 6=1 h=l o=l «=1 

4 4 4 4 4 

x V k D qTl d ba D a - a d* h + H§ D q - h d ba \7 k D a - a d* h ) = J2 E E E E H Z x 

9=1 6=1 h=l a =l 5=1 

4 4 4 4 4 

x v k D q - h d ba D aa d- ah +j2J2J2J2J2 H * v ^ 5 dbq D ih dha = 

9=1 6=1 h=l 1=1 5=1 

= 2 EEEEI>6 v fe ^ s d 6 - a* «?* = 2 £ E E H l v k D q - h D b \ 

9=1 6=1 fj=l a=l a=l g=l 6=1 ft=l 

In these calculations we used (6.25), the skew-symmetry d and d, and the equality 

4 4 

Y Hi d ba = Y d qb H£. (7.22) 

6=1 6=1 

The equality (7.22) is easily derived from (6.17). And finally, we need to transform 
the second term in the left hand side of (7.20): 

E E E E m DbTl H » a* = - E E E E m v*^ * 

r=l q=l 6=1 h=l s=l 9=1 6=1 h—\ 

4 4 4 4 

x D bK ikm XE F * v ^ ^ = - E E H s Vk H h = ( 7 - 23 ) 

9=1 h=l 9=1 S=l 

4 4 4 4 

= E E H ° Vk ^ H l D rr) = E E H ° H l Vfc -°- = V * D »f • 
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In deriving (7.23) we used the equalities (6.20), (6.25), and (7.14). Now, substi- 
tuting (7.23) back into (7.20) and recalling that the third, the fourth, and the fifth 
terms in the left hand side of this equality do vanish, we find that (7.20) is reduced 
to VfcA,f = 0. Thus, VD = 0. The theorem 7.4 is proved. □ 

Definition 7.8. A real spinor connection (r, A, A) of the bundle of Dirac spinors 
DM concordant with the spin-metric tensor d and with Dirac 7-field 7 is called a 
metric connection. 

According to the above theorems 7.2, 7.3, 7.4, a metric connection (r, A, A) is 
concordant with the metric tensor g, with the chirality operator H, with the Dirac 
form D, and with many other fields produced from these basic fields. 

8. Explicit formulas. 

Let (r, A, A) be a metric connection of the bundle of Dirac spinors DM. Since 
Vg = for this connection, its r-components are uniquely determined by the 
torsion tensor T. They are given by the explicit formula (4.34). If T = 0, this 
formula reduces to (4.35). Our goal in this section is to study A-components of 
a metric connection. Its A-components then are expressed through A-components 
according to the formula (7.11). 

In order to derive an explicit formula for the A-componcnts of a metric connection 
we introduce some auxiliary objects. Using the chirality operator H, wc define two 

• o 

projector operators H and H by means of the following formulas: 

H=^, H=^. (8.1) 

2 ' 2 y ' 

Their components are given by the formulas 



T 



//; —7—- H). = -!-—*., (8.2) 



Due to (8.1) and (8.2) we have the expansions 

id = H + H, 5}=H)+H). (8.3) 

Now, relying on the expansion (8.3), we introduce the following quantities: 

44 44 

"L = E E M h° Y sm , 7/ m = E E h* ii m , (8.4) 

r—1 s— 1 r—1 s— 1 

4 4 4 4 



r—1 s—1 



From (8.4), (8.5), and from the expansion (8.3) we derive the reconstruction formula 
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By means of direct calculations we find that the quantities (8.4) are identically zero: 
"jm = an d Ijm = 0- Therefore, the expansion (8.6) reduces to the following one: 

i *° i °* i 

Now let's proceed with the A-components of a metric connection (r,A, A). By 
analogy to the formulas (8.4) and (8.5) we introduce the following quantities: 

4 4 



A fcj = A^Z^ H r H j A fes ' A fcj = 2^ 2^ H r H s j A r ks , (8.7) 

r— 1 s— 1 7'— 1 s— 1 

4 4 4 4 

°* ■ V— V V— \ ° • * *° ■ V— V V— V * • 

A fcj = Hj A Lj Ajy = 2-~i A-^i Hj A L ■ (8-8) 



r— 1 s— 1 



In this case the quantities (8.7) are not necessarily zero. Therefore, we have all of 
the four terms (8.7) and (8.8) in the expansion 

A^=A^+A^+A^+aV (8.9) 

A metric connection (r, A, A) is concordant with 7 and H. Hence, from V7 = 
and VH = we derive the following equalities: 

V k H) = 0, V fe ffj=0, V fc7 % = 0, V fc 7A» = 0. (8.10) 

Applying the formula (7.10) to the first equality (8.10), we get 

4 4 
+ E Kr k -2~>L K = 0. (8.11) 



Let's multiply (8.11) by Hj and sum it over the index s: 

4 44 44 

E L Tk (HI) + E E A *r H r s H J - Y, E ^ 4 S A L = 0. (8-12) 



s=l 



The projectors (8.1) are complementary to each other. Therefore their product is 

• o 

zero: H • H = 0. Applying this equality to (8.12) we derive 



k, = J2 h j l ^ h ^- ( 8 - 13 ) 

s=l 

In a similar way from the second equality (8.10), we obtain 

4 

Al ^ //;/. T ;//;;. (8.14) 



s=l 
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Now let's apply the formula (7.10) to the third and to the fourth equalities (8.10). 
As a result we get the following two formulas: 

4 4 3 

L-rXlbm) + E A kr Ibm - E Kb Jrm = E ( 8 ' 15 ) 
r— 1 r—1 r—0 

£r fc (7 6 a J + E A ^ "h™"I>*6 7rm = Y, T lr n °7£- (8.16) 



r=l r=0 



In order to transform (8.15) and (8.16) we need some identities for the 7-symbols 
(8.5). From the identity (6.23) we derive two formulas 



3 3 

• o 



E E 9" m lL = 2 d ae d bh , (8.17) 

Ti—O n— 

E E ^ 3" m 7/f„ = 2i ae difc. (8.18) 



m— n— 

In the formulas (8.17) and (8.18) we used the following notations: 

44 44 

= E E d rs HI , d ae = J2J2^rd rs Ht 7 

r — 1 s — 1 r—1 s — 1 

4 4 4 4 

dbh=/ J / J H r b d rs H s h , dbh = 2-^Z-^ H 'b d rs H s h . 

r—1 s—1 r—1 s — 1 



(8.19) 



The matrices (8.19) are skew-symmetric and degenerate. However, in some cases 
they can be used for raising and lowering spinor indices: 

4 4 

• • _ — _ • 00 _ — _ 00 o 

A/cij" = 2_^i Ki dsj , Afeij = A fci d s j , 

s=l s=l 
4 4 

Kj = E A ^ llj = E A ^ d s \ (8.20) 



s=l s=l 

Applying the formula (8.17) to (8.15), we derive the following equality: 

33 4 



rn—O n—0 r—1 
3 3 3 



- e Kb d ae In = ^EEE^ m % 9 mn * 

r—1 m— n—0 r—0 

• o 

Let's multiply (8.21) by H^H^ and sum over the indices a and b. Then we get 

3 3 4 4 4 

5 E E E E L ^ ( ff mn 7, e „ * #5 + E ' A l j re Jjh - 

m— On— a— lb— 1 r—1 (8 22) 



.21) 



m— n—0 r—0 
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Now let's multiply (8.22) by d eq and sum over the indices e and q. This yields 

m— n— a— 1 6=1 e— 1 

+ 2 X; r 4 - i E E E E E rL„ 7j* 9 mn iL l g - 

m—0 n— r— e— 1 g— 1 



Then let's raise the lower index h in (8.23) by means of the matrix d hl , i. e. applying 

oo 

the second formula (8.20) to Akjh in the left hand side. As a result we get 



4 -°«=o-- 3 4 (8.24) 

E^h EEEE r - ^ % 



2^ Kr 3 4 

r— 1 m—0 n— r— <?— 1 

Acting in a similar way, i.e. applying the formula (8.18) to (8.16) and then 
performing some calculations analogous to the above ones, we derive the formula 



^ - \ EEEE^(^)^ 7i^ b + 

m—0 n—0 a—1 b—1 , Q _, 

-4 3 3 3 4 ^' 25 J 



2 ^ Kr J 4 

r— 1 m—0 n—0 r— <?— 1 

Remember that for a metric connection Vd = and VH = 0. Then from (8.2) and 

• o 

(8.19) we get the following equalities for d a b and d a b- 

Vkdab = 0, Vj ab = 0. (8.26) 

In an expanded form these equalities (8.26) are written as 

4 4 

L Tk (d ab ) - E A L lb - E A ^ lr = 0, (8.27) 

r— 1 r— 1 

4 4 

£r fc (<L) - E A fca drf, - E A kb lr = 0. (8.28) 



Let's multiply (8.27) by d ba and multiply (8.28) by d ba . Then let's sum both 
equalities over the indices a and b. As a result we get 

4 4 4 4 1 4 4 

E X ^ = 2 E E ^ (l b ) <i ba , e %r = 2 E E L ^ d ° ba - 

r— 1 a—1 6=1 r— 1 a—1 6—1 
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Substituting these formulas back into (8.24) and (8.25), we derive 

3 3 4 4 



a** = i E E E E ^ ( 5™ - as + 

m— On— a— 1 b—1 

■ i E E ^ dV *5 - 1 E E E E r - ^ 5 mn t& 

a— 1 b—1 m— n—0 r—0 q—1 

^ = i E EEE^t^ir %.bS+ 

m=0 n=0 a=l 6=1 

i E E ^ ^ *S - i E E E E r im i7r r n 

a— 1 6—1 m— n—0 r—0 q—1 



.29) 



(8.30) 



The formula (8.29) is an analog of the formula (4.57), while (8.30) is an analog of 
(4.62). Moreover, these formulas are reduced to the corresponding formulas (4.57) 
and (4.62) if we choose a spinor frame ({/, \&i, \E , 2, ^3, ^4) concordant with the 
expansion (5.1). This fact leads to the following theorem. 

Theorem 8.1. Any metric connection (r,A, A) of the bundle of Dirac spinors 
DM is a unique extension of some metric connection of the chiral bundle SM . 

According to the formula (8.9), the final step in deriving an explicit formula for 
the A-components of a metric connection (r, A, A) is to add the above four formulas 
(8.13), (8.14), (8.29), and (8.30). This yields 

4 4 
A^ =J2H b 3 L Tk (HI) + £ Lr* (HI) + 

6=1 6=1 
1 Lr k (l b a m )9 mn lanH'+L^ClCJg™ lan H j 



EEEE' 



5.31) 



4 

m—0 n—0 a—1 6—1 

3 3 3 4 IT %°ia mn °'y' 1 +IT ?j m "7' 

^""^ ^""^ x km ijr i> i qn ' x km Ijr i> I qn ^ 

m—0 n—0 r—0 q—1 

4 4 4 4 

+ 1 E E L ^ ^ ab ) d ba + - J2 E L ^ (<*■*) d ° bQ % ■ 

a=l 6=1 a=l 6=1 

This formula (8.31) can be simplified a little bit. For this purpose we need the 
following identities derived from the formula (6.23): 



3 3 

• o 



E E ^ 9 mn 7/5, = 2 H a h H% , (8.32) 

m—0 n—0 
3 3 

E E °^ a m9 mn iL = 2H%m> (8-33) 



m—0 n—0 



The identities (8.32) and (8.33) are analogous to (8.17) and (8.18). Before applying 
them to (8.31) we need to set e = i and h = a in them and then sum over the index 
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a. As a result we transform them to the following two identities: 



E E E i b a m9 mn iL = 4jH, E E E °rtm9 mn iL = *Ht 

a—l rn—0 n—0 a—l rn—0 n—0 

Now, applying these identities to the second line in (8.31), we derive 



a=l 6=1 



_iL _i_ Jj-r (%. a ) n mn y i +Lt C-y a ) a mn V' 

^^hK IjmJ y "an ~ Tfc V IjmJy Ian jj^j 

'7i—0 a—l 
3 3 3 4 

EEEE 



3 3 4 

tt o m ™ ^ * + it ^ a a m ™ v 

km 1 3T y i an 1 ^ km > jr V >a 

m— n—0 r— a—l 



A metric connection is a real connection. According to (7.11), the A-components 
of a metric connection are obtained from Ajy by complex conjugation: 

A[., = A£. (8.35) 

Theorem 8.2. For any skew- symmetric real spin-tens orial field T o/ i/ie type 
(0, 1 0, 1 1 , 2) £/iere is a unique metric connection (T, A, A) m DM with the tor- 
sion tensor T. Its components in an arbitrary frame pair ({/, Yo, Yi, Y2, Y3) 
and (U, *i, * 2 , *3, *4) are groen &?/ the formulas (4.34), (8.34), and (8.35). 

Corollary 8.1. TTie components of a real metric connection (r, A, A) with zero 
torsion T = for the bundle of Dirac spinors SM are given by the explicit formulas 
(4.35), (8.34), and (8.35). 

The theorem 8.2 and the corollary 8.1 are analogous to the theorem 4.3 and its 
corollary 4.2 in the case of chiral spinors. As for the relation of metric connections 
of Dirac and chiral spinors, it is described by the theorem 8.1 
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